In this paper, the mixed-type splitting iterative method is established for solving the linear system Ax = b, where A is a Z-matrix. The iterative method contains an auxiliary matrix L 1 (D 1 ) that is restricted to be nonnegative strictly lower triangular (diagonal) matrix. Comparison theorems show that the proper choice of the L 1 (D 1 ) can lead to the convergence rate of the Mixed-Type Iterative Method faster than that of the SOR and AOR type iterative methods for solving Ax = b. Numerical results are presented.
Introduction
We consider here certain iterative methods for solving the linear system
where A ∈ R n×n is a known nonsingular matrix, b ∈ R n×1 is known and x ∈ R n×1 is unknown. Then the splitting iterative methods can be expressed as
based on the splitting A = M − N where M, N ∈ R n×n and M is nonsingular. Under the assumption that a ii = 0, i = 1, 2, . . . , n, we may write
where D is the diagonal matrix, −L and −U are strictly lower triangular and strictly upper triangular parts of A, respectively.
The mixed-type splitting iterative method [5, 4] is given for the linear system of equations Ax = b, where A is large, sparse and nonsymmetrical and A T + A is symmetric and positive definite (SPD) or equivalently A is positive real.
In this note, we assume the matrix A of Eq. (1) is a Z-matrix and establish a new iterative method which is similar to Mixed-Type Splitting Iterative method [5, 4] . It is given by the following:
New Mixed-Type Splitting iterative algorithm.
whose iteration matrix is
where D 1 is an auxiliary nonnegative diagonal matrix, L 1 is an auxiliary strictly lower triangular matrix and 0 L 1 L.
Let us restrict our attention to the iterative methods defined by the following choice of matrices D 1 and L 1 , including such classical iterative methods as the SOR and AOR methods.
1. The SOR method.
2. The AOR method [3] .
where w and r are real parameters with w = 0. We need the following definitions and results. Definition 1.1 (Young [7] ). A matrix A is an L-matrix if a ii > 0, i = 1, . . . , n and a ij 0, for all i, j = 1, . . . , n such that i = j .
Definition 1.2 (Young [7]).
A matrix A is a Z-matrix if a ii 0, i = 1, . . . , n and a ij 0, for all i, j = 1, . . . , n such that i = j .
Definition 1.3 (Young [7]).
A real matrix A is an M-matrix if A is nonsingular L-matrix, and A −1 0. 
Definition 1.6 (Axelsson [1]).
A matrix A is irreducible if there exists a permutation matrix P such that
where A 1,1 and A 1,2 are square matrices. Theorem 1.7 (Varga [6] ). Let A 0 be an irreducible n × n matrix. Then 
Convergence analysis and comparison results
In this section we will show that when the coefficient matrix A is an M-matrix, the Mixed-Type Splitting Iterative Method is convergent. 
Theorem 2.1. Let A be the coefficient matrix of the linear system (1).
If A = D − L − U is an M-matrix, D 1 0 and 0 L 1 L,
Proof. Let us first denote
T be the iteration matrix given by (5) . Since A is an M-matrix and 0 L 1 L, we have
According to Definition 1.3, 1.4 and Theorem 1.9, we obtain the mixed-type iterative method for M-matrix is convergent. (6) is convergent. (7) is convergent.
Corollary 2.2. If the coefficient matrix A is an M-matrix and 0 < w < 1, then the SOR iterative method defined by

Corollary 2.3. If the coefficient matrix A is an M-matrix and 0 < r < w < 1, then the AOR iterative method defined by
In the following, we will show that the speed of convergence of the Mixed-Type Splitting Iterative method is faster than the speed of convergence of the SOR and AOR methods.
The AOR method [3] is given by
with iteration matrix
where w and r are real parameters with w = 0. 
the matrices T and T r,w are the Mixed-Type Splitting and AOR iteration matrices, respectively, where 0 r < w 1. If T and T r,w are irreducible, then
Proof. First, from Lemma 2.4 and Lemma 2.5, it is clear that T and T r,w are nonnegative. Thus, from Theorem 1.7, we note that there exists a positive vector x = (x 1 , . . . , x n ) T such that
or equivalently,
where (T r,w ) is the spectral radius of T r,w . Now consider
where
We have 
Proof. The proof is similar to the proof of the Theorem 2.6. If let r = w, we can obtain easily Theorem 2.7.
Remark. If T, T r,w and T w are reducible matrices, Theorem 2.6 and Theorem 2.7 still hold when '<' changes ' ' and '>' changes ' '.
Numerical results
In this section we give two numerical examples to illustrate the results obtained in Section 2.
Example 1.
The linear system has a n × n (n = N 2 ) coefficient matrix which is given by
Evidently, A is a diagonally dominant L-matrix. We set b = (1, 1, . . . , 1) T , x (0) = (0, 0, . . . , 0) T . Let the convergence criterion for the SOR, AOR and Mixed-Type Splitting Methods be |x (k+1) − x (k) | < 10 −3 e, where e = (1, 1, . . . , 1) T . The computational results are shown in Tables 1-4.   According to Tables 1-4 , it is clear that the Mixed-Type Splitting Method has a faster asymptotic rate of convergence compared with the AOR and SOR methods. Table 3 When n = 1024, "Tits" and "T r,w its" denote the number of iteration for Mixed-Type Splitting Method and AOR method, respectively. Table 4 When "Tits" and "T w its" denote the number of iteration for Mixed-Type Splitting Method and SOR method, respectively. 
Example 2. Let
where q = −p/n, r = −p/(n + 1) and s = −p/(n + 2). If p = 1, it is clear that A is an irreducible M-matrix.
According to Tables 5 and 6 , it is clear that the mixed-type splitting method has a faster asymptotic rate of convergence compared with the AOR method. Table 5 When n = 9 and L 1 = 0.9(1 − r/w)L, the associated spectral radii for the AOR and Mixed-Type Splitting Methods Table 6 When n = 9 and L 1 = 0. 
Conclusion
In this paper, we have presented a mixed-type splitting method for iteratively solving linear systems which the coefficient matrix A is a Z-matrix. We have demonstrated the effectiveness of our method through numerical experiments, and as seen from our results, have succeed in improving the convergence rate compared with the classical SOR and AOR methods.
